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Introduction 

In the paper |^ (see also the book 0], Ch. 7) the authors constructed the real theory of 
almost Grassmann structures AG{p — l,p + q — 1) defined on a differentiable manifold of 
dimension n = pq hy a fibration of Segre cones SC{p, q). In particular, in |^ we derived the 
structure equations of AG{p— l,p-\-q— 1) and found (in a fourth-order differential neighbor- 
hood) a complete geometric object of the almost Grassmann structure totally defining its 
geometric structure. We also found the structure group of these structures and its differen- 
tial prolongation and the conditions under which an almost Grassmann structure is locally 
flat or locally semiflat. 

While constructing this theory, we distinguished three cases: p = 2, q = 2 (dimAf = 4); 
p = 2, q > 2 {or p > 2, q = 2); andp > 2, q > 2. We constructed the fundamental geometric 
objects of these structures up to fourth order for each of these three cases and established 
connections among them. In the first case the almost Grassmann structure AG{1, 3) is 
equivalent to the pseudoconformal structure CO{2, 2). Since the four-dimensional conformal 
structures play an important role in general relativity, this provides a physical justification 
for studying the structures AG {1,3) as well as for studying the general almost Grassmann 
structures AG{p — l,p + q — 1). 

In the present paper we study locally semiflat almost Grassmann structures (we also call 
them semiintegrable) , and for different values p and q we establish necessary and sufficient 
conditions of a- and /3-semiintegrability of almost Grassmann structures. These condi- 
tions are expressed in terms of the fundamental tensors of almost Grassmann structures. 
We find the relations between 10 independent components of an almost Grassmann struc- 
ture AG(1,3) and 10 independent components of an equivalent pseudoconformal structure 
CO(2,2). 

Since we are not able to prove the existence of locally semiflat almost Grassmann struc- 
tures in the general case, we give many examples of a- and /3-semiintegrable structures, 
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mostly for p = q = 2. For all examples we find systems of differential equations of the fam- 
ilies of integral submanifolds Va and Vp of the distributions Aq, and of plane elements 
associated with almost Grassmann structures. For some examples we were able to integrate 
these systems and find closed form equations of submanifolds Va and V/3. 

Note that the existence of globally semiflat four-dimensional conformal structures was 
proved in (see also |^). 

1 Almost Grassmann Structures 

1. First we recall the definition of Segre varieties and Segre cones. 

The Segre variety S{k, I) is an embedding of the direct product P'' x P' of projective 
spaces P'' and of dimensions k and I into a projective space of dimension (fc+l)(Z+l) — 1 = 
kl + k + l. Analytically this embedding can be written by means of the following equations: 

zl^=tas\ a = 0, l,...,fc; i = 0,l,...,/, (1.1) 

where ta , and are homogeneous coordinates in the spaces P^,P^ and pki+k+i^ 

respec- 
tively. These equations are equivalent to the condition 

rank(zj,) = l. (1.2) 

The Segre variety S(k, I) has the dimension k + l. It is proved in algebraic geometry that 
the degree of this variety is 

deg S{k,l)^(^^iy 

The cone SCx{k -I- 1, Z -|- 1) with vertex at the point x whose projectivization is the Segre 
variety S{k, I) is called the Segre cone. 

Now we can define the notion of almost Grassmann structure. 

Definition 1.1 Let M be a differentiable manifold of dimension pq, and let SC{p, q) be a 
differentiable fibration of Segre cones with the base M such that SCx{M) C Tx{M), x G M. 
The pair (M, SC{p, q)) is said to be an almost Grassmann structure and is denoted by 
AG{p~ l^p + q—l). The manifold M endowed with such a structure is said to be an almost 
Grassmann manifold. 

Note that the almost Grassmann structure AG{p — l,p + q ~ 1) is equivalent to the 
structure AG{q — l,p + q~ 1) since both of these structures are generated on the manifold 
M by a differentiable family of Segre cones SCx {p, q) ■ 

In 1^ we discussed the following examples of almost Grassmann structures: the almost 
Grassmann structure associated with the Grassmannian G{m, n) (in this case p = m + I 
and q = n — m); the almost Grassmann structure AG{1, 3) which is equivalent to the pseu- 
doconformal CO(2, 2)-structure; and almost Grassmann associated with multidimensional 
webs. 

2. The structural group of the almost Grassmann structure is a subgroup of the gen- 
eral linear group GL(pg) of transformations of the space Tx{M), which leave the cone 
SCx{p, q) C Tx{M) invariant. We denote this group by G = GL(p, q). 

To clarify the structure of this group, we consider in the tangent space Tx{M) a family of 
frames {ef}, a = 1, . . . ,p; i = p+l, . . ■ ,p+q, such that for any fixed i, the vectors ef belong 
to a p-dimensional generator ^ of the Segre cone SCx{p, q), and for any fixed a, the vectors 
ef belong to a g-dimensional generator rj of SCx{p, q). In such a frame, the equations of the 
cone SCx{p, q) can be written in the form (1.1) where now a = 1, . . . ,p; i — p+1, ■ . ■ ,p+q, z^^ 



2 



are the coordinates of a vector z — z^^ef C Tx{M), and ta and s' are parameters on which 
a vector z C SCx{M) depends. 

As was shown in [|l|, the group G of admissible transformations of the frames {ef} 
keeping the Segre cone SCx{p, q) invariant can be presented in the form: 

G = SL(p) X SL(g) X H, (1.3) 

where SL(p) and SL((7) are special linear groups in spaces of dimensions p and q, and 
H = R* (g) Id is the group of homotheties in Tx{M). 

It follows that an almost Grassmann structure AG{m,n) is a G-structure of first order. 

From equation (1.1) defining the Segre cone SGx{p,q) it follows that this cone carries 
(q — l)-parameter family of p-dimensional generators ^ and {p — l)-parameter family of 
g-dimensional generators rj. 

The p-dimensional generators ^ form a fiber bundle on the manifold M. The base of 
this bundle is the manifold M, and its fiber attached to a point x £ M is the set of all 
p-dimensional plane generators f of the Segre cone SCx {p, q) ■ The dimension of a fiber is 
g — 1, and it is parametrized by means of a projective space Pa, dimPo, = q — 1. We will 
denote this fiber bundle of p-subspaces by Ea — {M,Pa)- 

In a similar manner, g-dimensional plane generators rj of the Segre cone SCx{p,q) form 
on M the fiber bundle Ep — {M, Pis) with the base M and fibers of dimension p—1 = dim Pp. 
The fibers are g-dimensional plane generators 77 of the Segre cone SCx {p, q) ■ 

Consider the manifold = M x Pa of dimension pq + q — 1. The fiber bundle Ea 
induces on Ma the distribution Aq, of plane elements ^a of dimension q. In a similar manner, 
on the manifold Mp = M x Pp the fiber bundle Ep induces the distribution Ap oi plane 
elements ^p of dimension p. 

Definition 1.2 An almost Grassmann structure AG{p — l,p + q — 1) is said to be a- 
semiintegrable if the distribution Aq, is integrable on this structure. Similarly, an almost 
Grassmann structure AG{p — l,p + g — 1) is said to be (S-semiintegrable if the distribution 
A^ is integrable on this structure. A structure AG{p — l,p + g — 1) is called integrable if it 
is both a- and /3-semiintegrable. 

Integral manifolds Va of the distribution Aq of an a-semiintegrable almost Grassmann 
structure are of dimension p. They are projected onto the original manifold M in the form 
of a submanifold Va of the same dimension p, which, at any of its points, is tangent to 
the p-subspace ^q, of the fiber bundle Ea. Through each point x G M, there passes a 
(g — l)-parameter family of submanifolds Va- 

Similarly, integral manifolds Vp of the distribution A^ of a /3-semiintegrable almost 
Grassmann structure are of dimension q. They are projected onto the original manifold M 
in the form of a submanifold Vp of the same dimension q, which, at any of its points, is 
tangent to the g-subspace rjp of the fiber bundle Ep. Through each point x G M, there 
passes a. {p— l)-parameter family of submanifolds Vp. If an almost Grassmann structure on 
M is integrable, then through each point x S M, there pass a {q — l)-parameter family of 
submanifolds Va and a {p — l)-parameter family of submanifolds Vp which were described 
above. 

The Grassmann structure G{m, n) is an integrable almost Grassmann structure AG{m, n) 
since through any point x of the variety n(m, n), onto which the manifold G{m, n) is mapped 
bijectively under the Grassmann mapping, there pass a (g — l)-parameter family of p- 
dimensional plane generators (which are the submanifolds Va) and a [p — l)-parameter 
family of g-dimensional plane generators (which are the submanifolds Vp). In the projec- 
tive space P", to submanifolds Va there corresponds a family of m-dimensional subspaces 
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belonging to a subspace of dimension m + 1, and to submanifolds Vg there corresponds a 
family of m-dimensional subspaces passing through a subspace of dimension m — 1 . 

Note that if the manifold M orientable, and we change its orientation, then an a- 
semiintegrable almost Grassmann structure will become /3-integrable, and vice versa. 

3. Consider a differentiable manifold M of dimension pq endowed with an almost Grass- 
mann structure AG{p — l,p + g — 1). Suppose that x G M, Tx{M) is the tangent space 
of the manifold M at the point x and that {ef } is an adapted frame of the structure 
AG{p — \,p + q — 1). The decomposition of a vector z e Tx{M) with respect to this basis 
can be written in the form 

z = <(z)e^, 

where are 1-forms making up the co-frame in the space (M) . If z — dx is the differential 
of a point x € M, then the forms Lu'^^dx) are differential forms defined on a first-order 
frame bundle associated with the almost Grassmann structure. These forms constitute a 
completely integrable system of forms. 

As was proved in the form 6 — (w^) and the forms arising under its prolongation 
satisfy the following structure equations: 

d^^a - A - cj^ A tJ^ - A cjj, = a^jWp ^ ^7' 

_ A ^ ^ (^f A - pu^t A ) + b^jy^ A cul 

< d^J-^^A^^ = -^(<5XAc.^-gc.jA^)+6}lf^^A4, (1-4) 
duj = ujf A ojI^, 

duf - 4 A ^1 - A + ^ A = ^Ji^ A - a\^ful A c.^, 

where the matrix 1-form B = (w^) is defined in a first-order frame bundle, the form lo is 
a scalar form defined in a second-order frame bundle, lOa = (t^^) and lOfi = (w*) are the 
matrix 1-forms also defined in a second-order frame bundle. 
The forms and satisfy the conditions 

c^^ = 0, c^^ = 0. (1.5) 

In equations (1.4) the 2-form 

0L = «L>^Ac.,^ (1.6) 
is the torsion 2-form of the AG{p — l,p + g — l)-structure, and the forms 

f^f =6f2f^^Aa;i, ^)=h%^^^^J,, = ^^.^ A c.^ (1.7) 

are the curvature 2-forms of this structure. 

Note that Dhooghe in Q and js) gave the structure equations of an almost Grassmann 
structure in the form close to our equations (1.4). His equations difi^er from equations (1.4) 
only by the additional term in the right-hand side of the fourth equation. This means 
that on a manifold M, dimM = pq, carrying an almost Grassmann structure our equations 
(1.4) define a normal Cartan connection. 

Moreover, in his further considerations in Q and |^ Dhooghe assumes that the torsion 
form fi^ is identically equal to not only for p = g = 2 but also for p > 2 and q > 2. This 
leads to the loss of generality. We did not make the above assumption. 

In 1^ (see also [Q, §7.2) we proved the following facts: 
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a) The quantities a = {a^Xi' defined by a second-order neighborhood, form a relative 
tensor of weight — 1 and satisfy the following conditions: 

= -<t (1-8) 



ajk akj 

and 



CI=0, afg = 0. (1.9) 



The tensor {a^^^^} is said to be the first struclure tensor, or the torsion tensor, of an 
almost Grassmann manifold AG{p — l,p + q — 1). 

b) Let us set ^ {6}^^}, 6^ = {h^f^} and h = {b\b^). The quantities (a, fe^) and (a, b^) form 
linear homogeneous objects. They represent two subobjects of the second structure 
object {a, b) of the almost Grassmann structure AG{p —l,p+q—l). The components 
b^ and 6^ satisfy the conditions: 

€lt = -€l t>^ = -t>^, (1-10) 

Klf-o, 1^ = 0, (1.11) 

^z"f-&iif+fe^-&:f^ = o, (1.12) 

and the components of the tensor a satisfy the following differential equations: 
where are the PfafBan derivatives of and the alternation is performed with 



the Bianchi equations in the theory of spaces with affine connection 



respect to the vertical pairs of indices (^) and (1). Formulas (1.13) are analogues of 



c) For p > 2 and q > 2, the components of fe^ and b^ . respectively, are expressed in terms 

of the components of the tensor a and their Pfaffian derivatives. 

This implies that if for p > 2,q > 2, the torsion tensor a of an almost Grassmann 
structure vanishes, then its curvature tensor b vanishes as well. 

d) Let us set c = {cff^}. Then 5* = (a, 6, c) forms a linear homogeneous object, which is 

called the third structure object of the almost Grassmann structure AG{p — l,p + q — 
1). It is defined by a fourth-order differential neighborhood of AG{p — l,p + q — 1). 
Its subobjcct a is a relative tensor (the torsion tensor) defined by a second-order 
differential neighborhood of AG{p — l,p + q — 1), and the subobjects (a, b^), (a, 6^), 
and (a, b) are defined by a third-order differential neighborhood of AG{p— l,p + q—l). 

The third structural object S = (a, b, c) is the complete geometric object of the almost 
Grassmann structure AG{p — l,p + g — 1), since during the prolongation of structure 
equations (1.4) of AG{p— l,p + q— 1), all newly arising objects are expressed in terms 
of the components of the object S and their Pfaflaan derivatives. 

The components of c satisfy the conditions 

iP-y _ _i'yP (I lA) 



and 

-[ijk] 



= 0, (1.15) 
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and the components of b satisfy the differential equations 



"a[klm] a [mfc/] ^'^a[k\s"'cr\lm] " ^' 

,ihSe] pq H [e-rS] ,^J^^y[e M^s] _ (^-^^^ 

°j[feim] p ^ q°{m%\kt\ + '^°3s[m°'W\kl] " ^' 

where h^j^^^ and h^kim Pfaffian derivatives of b^^f and b^^f , respectivefy. In 

formulas (1.15) and (1.16) the alternation is carried out with respect to the vertical 

pairs of indices. 

e) If p > 2, then the components of c are expressed in terms of the components of the 

subobject (a, h^) and their Pfafhan derivatives, and if g > 2, then the components of 
c arc expressed in terms of the components of the subobject (a, b"^) and their Pfaffian 
derivatives. This implies that in this case the object (a, b) satisfies certain differential 
equations which are other analogues of the Bianchi equations in the theory of spaces 
with affine connection. These equations can be obtained if we substitute for the 
components of c in equations (1.16) their values. 

f) An almost Grassmann structure AG{p— l,p + q—l) is said to be locally Grassmann (or 

locally flat) if it is locally equivalent to a Grassmann structure. For p > 2 and q > 2, 
an almost Grassmann structure AG{p — l,p + g — 1) is locally Grassmann if and only 
if its first structure tensor a vanishes. For p = 2,q = 2, the tensor vanishes, and 
the condition for the structure AG{1,3) to be locally Grassmann is the vanishing of 
the tensor b. The case p = 2,q > 2 (and p > 2,q = 2) will be considered below. 



2 Semiintegrability of Almost Grassmann Structures 

1. In this section we find geometric conditions for an almost Grassmann structure AG{p — 
l,p + q— 1) defined on a manifold M to be semiintegrable. The conditions are expressed in 
terms of the complete structure object S of the almost Grassmann structure AG{p — l,p + 
g — 1) and its subobjects Sa and S/} which will be defined in this section. 

In what follows, we often encounter quantities satisfying the conditions similar to condi- 
tions (1.8) for the quantities a^^. For calculations with quantities of this kind, the following 
lemma is very useful: 

Lemma 2.1 If a system of quantities T'"^^ is skew- symmetric with respect to the pairs of 
indices (") and (^), namely satisfies the conditions 

T::f = -t;::^, (2.1) 

then the following identities hold: 

rp...[al3] _ rp.-.aP rp---{oiP) _ rp.-.ap 

^■■■ij --'...«)' ^-ij --^-[iiV 

rp...{aP) _ _rp...(a0) _ rp---{a0) rp...al3 _ _rp.../3a _ rp---{oil3) fn cy\ 

J-...i3 - ^...ji --^...[ij] ' -'...[ij] - ...[ij] - ...[ij] ' 

In these relations the symmetrization and the alternation are carried separately over the 
lower indices and the upper indices. In addition the following decompositions take place: 

rp...a0 _ rp...{oil3) rp...al3 rp...a0 _ rp...[o:0] ,rp...a0 In n\ 

^...ij -^...ij ^...ij -^...ij '^^...{ijy \^-^) 
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Proof. All these identities can be proved by direct calculation with help of (2.1). I 
In addition, in the proof of the main theorem, we will use the following lemma: 

Lemma 2.2 The condition 

= 0, (2.4) 
where the alternation is carried over three vertical pairs of indices, implies the condition 

l^S?' = 0' (2-5) 

where the alternaMon a,nd symmetrization are carried separately over the upper triple of 
indices and the lower triple of indices. 

Proof. To prove this, one writes down 36 terms of Tj^J^^^ and collects from them 6 groups 
of 6 terms to each of which the hypothesis (2.4) can be applied. I 

Next we will prove the following important result on the decomposition of the torsion 
tensor of an almost Grassmann structure AG{p — l,p + q — 1): 

Theorem 2.3 The torsion tensor a = {cif^/.} of the almost Grassmann structure AG{p — 
+ 9 ~ 1) decomposes into two subtensors: 

a = aa+ai), (2.6) 

where 

Proof. Since the tensor is skew-symmetric with respect to the pairs of indices 

(^) and (J,), then, by Lemma 2.1, the decomposition (2.6) is equivalent to the obvious 
decomposition 

i/37 _ i/37 i/37 B 

"■ajk — "a(ife) ^ ""ayk] 

Note that by Lemma 2.1, the subtensors Oa and can be also represented in the form 

Note also that like the tensor a, its subtensors aa and are skew-symmetric with 
respect to the pairs of indices (^) and (J) ■ 

if3l _ __»7/3 „»/37 _ _„»7/3 

and they are also trace-free, since it follows from (1.9) that 

„ia7 _ A ilM _ Q '(/37) _ n iaj _ n jn 7) 

^a(3k)—^^ "'aik - "mfe " "a[jfc] ~ y^^-') 



Theorem 2.4 Ifp = 2, then = 0, and if q = 2, then = 0. 

Proof. Suppose that p = 2. Then a, /3, 7 = 1, 2. Since, by definition and Lemma 2.1, the 
tensor is skew-symmetric with respect to the indices /? and 7, we have 

«c<(jfe) - «a(jfe) - 

But the first condition of (2.7) gives 

ill I „i21 _ r. il2 I „i22 _ r. 
"l(jfe) + "2(jfe) — ^lijk) + '^2ijk) — ^■ 
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It follows from these relations that 



221 _ il2 _ r| 

"2(jfe) — '^l(ife) — ^' 



that is, all components of the tensor aa vanish. 
For the case q = 2, the proof is similar. I 



2. We introduce the following notation: 



(2.8) 

bh = {bjjL,h b} = {biT}, c, = {cg,-^)}. 

Now we give necessary and sufficient conditions for an almost Grassmann structure 
AG{p — l,p + q — 1) to be a-semiintegrable or /3-semiintegrable. 

Theorem 2.5 (i) If p > 2 and q > 2, then for an almost Grassmann structure AG{p — 
l,p + g — 1) to be a-semiintegrable, it is necessary and sufficient that the conditions 
ac. = bl = bl=0 hold. 

(ii) Ifp > 2 and q > 2, then for an almost Grassmann structure AG{p — l,p + g — 1) to be 
(3-semiintegrable, it is necessary and sufficient that the conditions = 6^ = 6| = 
hold. 

Proof. We prove part (i) of theorem. The proof of part (ii) is similar. 
Suppose that 6a, a = 1, . . . ,p, are basis forms of the integral submanifolds Va, dim Va = 
p, of the distribution appearing in Definition 1.2. Then 

wL = s'^ai q; = 1,...,_P; i = p + 1, . . . ,p + q (2.9) 

where 9a are basis forms on the submanifold Va- 

For the structure AG{p— — 1) to be a-semiintegrable, it is necessary and sufficient 

that system (2.9) be completely intcgrablc. Taking the exterior derivatives of equations (2.9) 
by means of structure equations (1.4), we find that 

ids' + s^Lj} - s'u) A6a + s'idBa - A Off) = ai^y^s^s'^e^ A 9^. (2.10) 
It follows from these equations that 

d9a -uj^A90 = ipiA 90, (2.11) 

where ip^ is an 1-form that is not expressed in terms of the basis forms 9a. 
For brevity, we set 

if' = ds' + s^Lv] - s'lo. (2.12) 
Then the exterior quadratic equation (2.10) takes the form 

{5i^^ + sV^) ^00 = a^^^'^s^sH^ A 9^. (2.13) 

From (2.13) it follows that for 6a = 0, the 1-form 5^<^' -|- sVa vanishes: 

6iv\5) + s'^i{5) = Q. (2.14) 

Contracting equation (2.14) with respect to the indices a and (3, we find that 

V.^ = -sV(<5), = (2.15) 
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where we set (p{6) = ^(p^{5). 

It follows from (2.15) that on the subvariety V^, the l-forms and (p^ can be written 
as follows: 

ip' = -s'ip + s'f'e0, ^i = bi^ + ^^^d^. (2.16) 

Substituting these expressions into equations (2.11) and (2.12), we find that 

d^c« - A 0/3 = V? A 0a + s^^^T A (2.17) 

where = s^a^^ and 

ds' + s^ui - s'u> = -s^ifi + (2.18) 
Substituting (2.17) and (2.18) into equation (2.10), we obtain 

-5'«^-'5L^s'"^>=«S's's'=. (2.19) 
Contracting equation (2.19) with respect to the indices a and /?, we obtain 

-2S'S«T - ps'T + S'T = 0, 

from which it follows that 

s'T = s'fiT, (2.20) 
where we set = -^s^^- Substituting (2.20) into (2.19), we find that 

s'iSZs^ 5is-< 2^<) = 2a'^l^s's\ (2.21) 

It follows that 

5ls^ - Sis-^ - 28i^ = si]s\ (2.22) 
where s^J = — s^j ■ Substituting (2.22) into (2.21), we arrive at the equation 

€U) = -%V (2-23) 

where the alternation sign in the right-hand side is dropped by Lemma 2.1. 

Contracting (2.23) with respect to the indices i and j and taking into account of equations 
(1.9) and (1.10), we obtain 



«fZ = 0, (2.24) 



from which, by (2.23), it follows that 

= 0. (2.25) 

This proves that if an almost Grassmann structure AG{p—l,p+q—l) is a-semiintegrable, 
then its torsion tensor satisfies the condition (2.25), that is, = 0. 

Since, by Theorem 2.4, for p = 2 the subtcnsor a„ = 0, condition (2.25) is identically 
satisfied. Hence, while proving sufficiency of this condition for a-semiintegrability, we must 
assume that p> 2. 

Let us return to equations (2.17) and (2.18). Substitute into equation (2.18) the values 
s*^ taken from (2.20) and set 

;p = ip-s^ef3. (2.26) 
In addition, by (2.24), relations (2.22) imply that 
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Then equations (2.17) and (2.18) take the form 

de^ - (wf + 5i^) A 60 = (2.27) 

and 

ds' + s^w] -s\uj-^) = Q. (2.28) 
Taking the exterior derivatives of (2.28), we obtain the following exterior quadratic equation: 

+ bjlfish'^s^e^ A9s = 0, (2.29) 

where 

p + q ^ 

Next, taking the exterior derivatives of (2.27), we find that 

$ A e„ + b^Jis''s^9/3 A 9^ A 9s = 0. (2.30) 

Equation (2.29) shows that the 2-forni $ can be written as 

$ = Alfs'^s^e^ A 9s, (2.31) 

where the coefRcients A^f are symmetric with respect to the lower indices and skew- 
symmetric with respect to the upper indices. Substituting this value of the form $ into 
equations (2.29) and (2.30), we arrive at the conditions 

^S!+'5o<=0 (2.32) 

and 

d+'5M=0- (2-33) 

Contracting equation (2.32) with respect to the indices i and j and equation (2.33) with 
respect to the indices a and /3, we find that 

2(g + 2)Alf + + bl^^ + b^^ + = (2.34) 

and 

2(p - 2)Alf + bli^ + bl',^ + + biVk = 0. (2.35) 

Note that for p = 2 equation (2.33) becomes an identity, and we will not obtain equation 
(2.35). 

If we add equations (2.34) and (2.35) and apply condition (1.12), we find that 

Alt = 0. (2.36) 
As a result equations (2.32) and (2.33) take the form 

By Lemma 2.1, conditions (2.37) are equivalent to the conditions 

^S) = 0, b^^,f = 0. (2.38) 
It follows from equations (2.36) and (2.31) that 

= ^PJ^s'^ul A 9-y. (2.39) 
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Finally, taking the exterior derivatives of equations (2.39) and applying (2.27), (2.28), 
and (1.4), we obtain the condition 

'^S = 0- (2.40) 

These equations will not be trivial only if p > 2. But, by Lemma 2.2, conditions (2.40) 
follow from integrability conditions (1.15). 

Thus the system of PfafFian equations (2.9), defining integral submanifolds of an a- 
semiintegrable almost Grassmann structure, together with Pfaffian equations (2.28) and 
(2.39) following from (2.9), is completely integrable if and only if conditions (2.25) and 
(2.38) are satisfied. This proves part (i). 

As we noted in the beginning, the proof of part (ii) is similar. We note only that the 
equations of integral submanifolds V^, dimV/3 = q, of the distribution appearing in 
Definition 1.6 can be written in the form 

wj, = sj\ a = l,...,p; i=p+l,...,p + q, (2.41) 

where the 1-forms are linearly independent on the submanifold Vp. I 
It follows from our previous considerations and (2.8) that 

1. for p = 2 we have = and = 0; 

2. for (7 = 2 we have 6^ = and C/3 = 0; 

3. for p > 2 we have Ca = 0; 

4. for g > 2 we have C/3 = 0. 

The last two results follow from conditions (1.15) and Lemma 2.2. These results com- 
bined with differential equations which the components of and satisfy imply that the 
tensors aa, and the quantities bl^,b'^,bp,b'p form the following geometric objects: 

{aa,bl), {aa,bD, Sa ^ {aa,bi,bl), 

(a/3, 6^), {a/3,bj), = {a0,b]^,b'^p), 

which are subobjects of the second structural object and the complete structural object of 
the almost Grassmann structure. 

The following theorem gives the conditions of a- and /3-semiintegrability in the cases 
when p = 2 or g = 2. 

Theorem 2.6 (i) If p = 2, then the structure subobject consists only of the tensor 6j,, 
and the vanishing of this tensor is necessary and sufficient for the almost Grassmann 
structure AG{1, q + I) to be a-semiintegrable. 

(ii) Ifq = 2, then the structure subobject consists only of the tensor b^, and the vanishing 

of this tensor is necessary and sufficient for the almost Grassmann structure AG{p — 
l,p+l) {which is equivalent to the structure AG{l,p+ 1)) to be jS-semiintegrable. 

(iii) Ifp = q = 2, then the complete structural object S consists only of the tensors bl^ and 
6^, and the vanishing of one of these tensors is necessary and sufficient for the almost 
Grassmann structure AG {1,3) to be a- or (i-semiintegrable, respectively. 
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Proof. We will prove part (i). As we have already seen, for p — 2, the tensor Oq, as well 
as the quantities h\ and vanish {aa = &^ = Cq = 0), and the object b]^ becomes a tensor. 
Thus the vanishing of this tensor is necessary and sufhcient for the almost Grassmann 
structure AG{\,q + 1) to be a-semiintegrable. The proof of part (ii) is similar. Part (iii) 
combines the results of (i) and (ii). I 

We will make two more remarks: 

1. The tensors h]^ and &| are defined by a third-order differential neighborhood of the almost 

Grassmann structure. 

2. For p ~ q = 2, as was indicated earlier (see Subsection 1.1), the almost Grassmann 

structure AG{1,?>) is equivalent to the conformal C0(2, 2)-structure. Thus we have 
the following decomposition of its complete structural object: S = (see Q, 

§5.1). 

Note also that in Q and the author assumed that an almost Grassmann structure 
AG{p — l,p + q — 1) is semiintegrable if and only if one of two curvature forms or fi^ 
vanishes. However, our previous considerations as well as formula (3.18) below show that 
this will be the case only if p = q = 2. 

3 Existence of Semiintegrable Almost Grassmann 
Structures 

1. We will prove the existence of four-dimensional and {2p)- and (2q)-dimensional semi- 
integrable almost Grassmann structures, where p,q > 2, by constructing examples of such 
structures. 

In order to prove that a certain almost Grassmann structure is a- or /3-semiintegrable, 
we will use two methods. 

The first method is to check whether conditions of a- or /3-semiintegrability outlined in 
Theorems 2.5 and 2.6 are satisfied. 

When we apply this method, we will need the following lemma: 

Lemma 3.1 // the forms ijJ,uj^, and lJj, occurring in equations (1.4) are principal forms, 
that is, 

^,^t^j = (modO, 

then the form lo can he reduced to 0, and the forms io'^,a = l,2,i = 3,4, become principal 
forms with a symmetric matrix of coefficients. 

Proof. Suppose that u is expressed in terms of the basis forms w^: 

uj = aujf + buj2 + cLo'l + ecijj. (3-1) 

If we take exterior derivative of this equation, apply Cartan's lemma to the obtained exterior 
quadratic equation, and set — 0, we will obtain the following Pfaffian equations: 

5a + TTl= 0, 6b + 7:1= 0> 
5c + ttI= 0, Se + Til^ 0, 

where 5 is the symbol of differentiation with respect to fiber parameters, and tt" = ujf\^k^Q. 

This implies that the quantities a,b,c and e can be reduced to 0, a = & = c = e = 0. 
Let us show, for example, that a can be reduced to 0. In fact, since the forms 7r|,7r|,7r4, 
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and 7r| are linearly independent, we can set 7r| = tt^ = 7r| = preserving TTg 7^ 0. Since 
now 7r| depends on one fiber parameter, for an appropriate choice of this parameter we have 
TTg = St. By integrating the equation 5a + St = 0, we obtain a — —t + C , where C is a 
constant. For any value of C, we can take t = C, and as a result, we will get a = 0. 

Conversely, if the fiber parameters are chosen in such a way that a = 0, we get from the 
above differential equations that ttj = 0. 

The remaining reductions 6 = c = e = can be proved in a similar manner. This gives 
TTg = vr] = 7r| = 0. After these reductions equation (3.1) becomes 

Lu^O. (3.2) 

Now equations (1.4) and (3.2) imply that 

A < = 0. 

Applying Cartan's lemma to this exterior quadratic equation, we obtain that the forms cj," 
become principal forms, and they are expressed in terms of the basis forms cj^ as follows: 

= AiUi + A2UO2 + M^l + ^4'^2j 

ujI = A^ujI + B4UJ2 + CiUj\ + E4UJ2M 

Note that the conditions for fiber forms in Lemma 3.1 mean the group G of admissible 
transformations of first-order frames is reduced to the identity group, G = {e}, and instead of 
a fibration of first-order frames associated with an AG{1, 3)-structure, we have a distribution 
of such frames. In other words, now with any point of a manifold on which the AG{1, 3)- 
structure is given only one frame is associated. 

The normalization (3.2) and relations (3.3) implied by this normalization means that 
the subgroup T(4) of translations contained in the prolonged group G" (see [0, p. 274) is 
also reduced to the identity group, and G' — G = {e}. Furthermore, only one second-order 
frame is associated with any point x S M^. Moreover, the normalization (3.2)-(3.3) singles 
out a pseudo-Riemannian metric g of signature (2, 2) that is concordant with the almost 
Grassmann structure AG{1, 3) given on the manifold AI*. 

When we use the first method, we also need to use relations among the components of 
the tensor b = {b^,b^} that follow from equations (1-12) and (1.13). There are 16 equations 
(1.12) and 256 equations (1.13). In order to get the relations along components of the 
tensor 6, first we prove the following two lemmas which list 10 independent relations among 
relations (1.12) and 16 independent relations among relations (1.13). 

Lemma 3.2 For p = q = 2, equations (1.12) take the form: 



1,121 _ uill _ r, l212 _ l422 

''233 "343 — ^' "133 "343 

/,121 _ !,311 _ n /,212 _ 1^322 

"244 "434 — ^' "144 "434 



9;,112 _ ^412 _ 1^421 _ n 9LII2 _ l312 _ ^321 _ n 

^"133 "343 "343 — ^- ^"144 "434 ^^434 — 

0/,411 _ !,121 _ L121 _ Q OL322 _ l212 _ l212 _ q 

^"443 "234 "243 — ^' ^"334 "143 "l34 " 



and 

9?,112 _l_ /,122 _ 01,312 _ ^412 , l211 _ ^321 _ n 
^"134 ^ "234 ^"334 "344 ^ "143 '^433 ~ 

?,211 I 0?,221 _ 9^321 _ ^421 , l122 _ l312 _ n 
"134 + ^"234 ^"334 "344 + °243 "433 ~ 



(3.4) 



(3.5) 



(3.6) 
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Proof. The proof is straightforward. Equations (3.4) are obtained from (1.12) taking 
J = S = l,k =^ I =^ 3;-f ^ S = 2,k = I = = 6 ^ l,k ^ I = A, imd = S = 2,k = I = 4, 
respectively. Equations (3.5) are obtained from (1.12) taking 7 = 1, 5 = 2, k = I = = 
1, (5 = 2, fc = / = 4; 7 = (5 = 1, fc = 3, Z = 4, and 7 = J = 2, A: = 3, / 4, respectively. 
Finally, equations (3.6) are obtained from (1.12) taking •y — 1,S — 2,k — 3,1 = 4 and 
7 = 2, i5 = 1, fc = 3, i = 4, respectively. The remaining equations (1.12) do not give new 
conditions. Note that while obtaining (3.4)-(3.6), one should use conditions (1.10) and 
(1.11). 

The remaining relations (1.12) are satisfied identically or lead to the same relations 
(3.4)-(3.6). ■ 

Lemma 3.3 For p = q = 2, equations (1.13) take the form: 



lA21 
"233 



^244 



L121 
"133 

iA2l 

"144 

"334 



and 



^334 
''334 + 



^433 

,312 
'433 



- b%\ = 0, 


L212 
"133 


l422 
"334 


= 0, 






^212 
"144 




= 0, 




!,412 , l421 
"343 + "433' 


L212 
"233 


^ "343 


+ "433' 




1,312 I L321 
O434 i- O344, 


L212 
"244 


— /)421 

— "343 


+ ^434' 




7,211 I L112 
"234 + "243' 


l411 
"443 


— ?)112 

— "234 


+ ^243' 




Z^122 , 7^221 
^^134 ' "U3i 


1^422 
"443 


— "143 


, z^221 
+ Ol34' 




ip.12 1 lA22 
"234 ^ "243' 


L211 

"143 


+ "134 


— "344 ^ 


"434' 


1,121 I ip.ll 
"134 + "143 ' 


L221 
"234 


1 L122 
f "243 


— ^412 4 

— O344 -i 


1,421 
^ "434- 



(3.7) 



(3.8) 



(3.9) 



Equations (3.7) are obtained from (1.13) 
7=l,/3 = 5 = 2,i = j = 4,fc = Z = 3;Q; = 
4; and a = 7=l,/3 = (5 = 2,i = j = 3,A; = Z = 4, 



Proof. The proof is also straightforward. 
a = ^ = 2,(3 = 5 = l,i = j — 4,k — I — '3;a = 
^ = 2,(3 = 6 = l,i = j = 3,k = I 
respectively. 

Equations (3.8) are obtained from (1.13) taking a = /3 = 5=l,7 = 2,i=j = 4, fc = 
I — 3-a = P = J = 2,S = l,i = k — 4:,j — I — 3;a — (3 = S = l,j = 2,i = j = '■i,k = I = 
4;a = /3 = 7 = 2,,5=l,z = fc = 4,j = / = 3;Q: = /? = 2,7 = (5 = l,i=j = A; = 3,Z = 4;a = 
/3 = 2, 7 = 5 = 1, i = j = fc = 4, '/ 3; a /3 = 1, 7 = (5 = 2, j = j = A; = 3, / = 4; and 
a = (3 = 1,S = ^ = 2,i = j = k = 4,1 = 3, respectively. 

Finally, equations (3.9) are obtained from (1.13) taking a = (3 = 5 = 2,"f = l,i = j = 
k = 3,1 = 3;a = (3 = -y = 1,3 = 2,1 = k = I = 4:,k = 3;a = (3 = S = 1,^ = 2,i = j = k = 
3, Z = 4; and a — (^ = y = 2,6 = l,i = j = I = 4:,k = 3, respectively. 

The remaining relations (1.13) are satisfied identically or lead to the same relations 
(3.7)-(3.9). ■ 

Theorem 3.4 The components of the tensor b of an almost Grassmann structure AG{1, 3) 
satisfy the following conditions: 



,121 
"233 



t411 
"334 



212 
133 - 


- O334 


— 0244 


— O443 


— 0^44 


L112 
"133 


= 0, 


^412 _ 
"343 ~ 


1,412 _ 
"433 — 


L412 
"334' 


L112 
"144 


= 0, 


!,321 _ 
"443 ^ 


1,321 _ 
"344 — 


L321 
"434' 


l411 
"443 


= 0, 


!,211 _ 

"243 ^ 


Ul22 _ 
"243 ^ 


!^121 

"243 ' 


"334 


= 0, 


J,122 _ 
"134 — 


/)221 — 
"134 — 


L212 
"l34> 



,322 
"443 



0, 



(3.10) 



(3.11) 



14 



and 

f foil? =?,121 =/,122. 

(3.12) 



112 


- ?)211 


- ?)121 


- fol22 


'l34 


— "l34 


— "l34 


— "243' 


,321 


- fo321 


- /)321 


- /)-112 


'433 


— '^334 


— O343 


— "344 • 



Proof. To prove this theorem, we combine results of Lemmas 3.2 and 3.3. For example, 
the first two relations (3.10) are obtained by comparing the first equations of (3.4) and (3.7), 
and the first two equations (3.11) are obtained by comparing the first equation of (3.5) with 
the sum of first two equations of (3.8). 

To prove relations (3.12), we first note that it follows from (3.9) and (3.6) that 

2bUl + bill + bill ^0, '2blll + bill + bill = 0, .3^3. 
2blll + bill + bill ^0, ^blll + bill + bill = 0. 

In fact, by adding the first two equations of (3.9) we find that 

9?,312 , l412 , ,321 _ _fO/,112 , 1,122 , , 211n 
^^334 + O434 + O433 — 1^^134 I ^234 + "143^- 

Comparing this equation with the first equation of (3.6), we arrived to the first two equations 
of (3.13). The remaining equations of (3.13) are obtained from the last two equations of 
(3.9) and the second equation of (3.6). 

If we add the equations of the first and the second column of (3.13), we easily find that 

,^321 _ ,321 , 121 _ ,112 (n._A\ 
°334 — °343' "134 — °134- l-J-l*; 

Next adding equations of the first row and the first column of (3.9) and taking into account 
of relations (3.13), we obtain 

,211 _ , 122 ,321 _ ,412 /o i r.\ 

^134 — 0243' "433 " °344- [^.10) 

Equations (3.15) and the first two equations (3.13) imply that 

,121 _ , 122 ,321 _ ,412 (n , f.^ 

0l34 — "243' "343 — ''344- (^.LO) 

Equations (3.15) and (3.16) gives relations (3.12). I 

It is easy to see from relations (3.10)-(3.12) that there are only 10 independent compo- 
nents of the curvature tensor b of an almost Grassmann structure AG(1,3), and that we 
were able to obtain relations (3.10)~(3.12) only because ior p = q = 2 conditions (1.13) 
become conditions for the components of the curvature tensor b of an almost Grassmann 
structure AG{1, 3). 

We make the following remark on a four-dimensional almost Grassmann structure AG{1, 3). 
Since an AG'(1, 3)-structure is equivalent to a CO(2, 2)-structure, we can calculate the 
conformal curvature tensor C — Cq-I-C^, where Cq — {00,01,02,03,04,05} and ~ 
{bo, ^1, 62, ^3, 64, ^5} (see 0, Section 5.1) of the latter. 

We impose the following relations between the basis forms a;i, Ci;2^ ^3 ^^4 ^ (70(2,2)- 
structure and the basis forms Wi,^!,'^!,^! of an equivalent ylG(l, 3)-structure: 

, ,1 — 1 / .3 / .2 — 1 , ,3 

1' 2' ^^^^^^ 



The factor can be explained by the fact that the metric of a C0{2, 2)-structure usually 
is written in the form g = 2{uj^uj* — uj'^oj^) and that the metric of an equivalent AG{1,3)- 
structure has the form g = ti^iwl — ujlujf (see Ch. 5 and 7 of ||l|), and relations (3.13) make 
these metrics equal. 



15 



The calculations involving the apparatus developed in Ch. 5 of the book [Q and the 
formulas (1.4)-(1.5), (3.4)-(3.5), give the following relations between the independent 10 
components of the curvature tensor b of the structure AG{1,3) (see Theorem 3.4) and 
independent 10 components of the tensor C of the equivalent pseudoconformal structure 
CO(2,2): 



L412 
"344 J 





— "333' 






Ol 


— "433 — 


l412 
"334 


— "343' 


a2 


— "433 — 


"334 


_ J,321 
— "343 


as 


— "344 — 


1,321 
"434 


— "443' 


a4 


— O444, 






bo 


— "243' 






bi 


— "243 — 


"243 


— "243' 


b2 


— "134 — 


"134 


_ Ul2l 
— "134 


bz 


— "134 — 


L212 
"134 


- /)221 

— "134' 


bi 


— "l34- 







(3.18) 



L122 
"2431 



The conditions Ca — O^Cp — and C — Q are necessary and sufficient for a C0(2, 2)- 
structure (and consequently for an equivalent (^G(l, 3)-structure) to be a-semiintegrable, 
/3-semiintegrable and locally flat, respectively. Moreover, if we find components of Ca and 
C^, then by investigating the roots of polynomials 



Ca(A) = aoA'' - AaiX^ + 6a2A2 - 4a3A + 



a4 



and 



Cpin) ^ 6oA-* - 46iA=' + 662 A2 - 463 A + 64 

we can make some additional conclusions on integrability of the distributions Aq(A) and 
A^(/i) of the fiber bundles and Ep associated with a CO(2, 2)-structure (sec [Q, Section 
5.4). 

Note that equations (3.18) show that for a four-dimensional almost Grassmann structure 
AG{\, 3) and for an equivalent pseudoconformal structure C0(2, 2) we have 

i) The condition of a-semiintegrability Ca = is equivalent to the condition 6*^^ — 0, that 

is, ni = 0. 

ii) The condition of /3-semiintegrability = is equivalent to the condition = 0, that 

is, ni = 0. 

iii) The condition of local flatness C = is equivalent to the vanishing of the tensor 

b = {b\, bjj} (cf. the end of Section 1). 

Note that only for a four-dimensional almost Grassmann structure AG{1^3) the condi- 
tions of a- and /3-semiintegr ability are equivalent to = and = 0, respectively: only 
for such structures the components of the tensor b satisfy relations (3.10)-(3.12) by means 



of which the conditions b 



[/37«]) 



and b'. 



j,i — u aiiu 'J[jki] — of a- and /3-semiintegrability imply the 
'^'^^ and &!Tf themselves. 



vanishing the components b^j^^ emu u^j.^ 

2. The second method is the method of direct integration of equations (2.9) and (2.41) 
defining integral submanifolds of distributions Aq, and A^ of semiintegrable almost Grass- 
mann structures. Let us describe this method in more detail. 
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In the proof of Theorem 2.5 we wrote the equations of the submanifolds Va and Vg in 
the form (2.9) and (2.41), respectively. Note that dimV^ = p and dimV^ = q. An almost 
Grassmann structure is a-semiintegrable (or /3-semiintegrable) if and only if the system of 
equations (2.9) (respectively, (2.41)) is completely integrable. 

We write the matrix of basis forms of the almost Grassmann manifold AG{p—l,p+q—l) 
in more detail: 



K) 



p+2 
^1 



p+1 
^2 

,P+2 



p 



,,P+q 



,p+q 



.,p+i 



(3.19) 



Here a = 1, . . . ,p is the column number, and i = p + 1, . . . ,p + q is the row number. 

The condition (2.9) of a-integrability means that on integral submanifolds Va of the 
distribution (see Definition 1.2) the rows of the matrix {u^) are proportional, and the 
entries of every nonzero row are basis forms on Va- 

The condition (2.41) of /3-integrability means that on integral submanifolds Vp of the 
distribution Ap (see Definition 1.2) the columns of the matrix (w^) are proportional, and 
the entries of every nonzero row are basis forms on V/3. 

For p = q = 2, equations (2.9) of submanifolds Va can be written in the form 



- Wo 



0, 



(3.20) 



|g- and u>f ALO2 ^ 0, and equations (2.41) of submanifolds Vp can be written in 

0, 



where A = 
the form 

fj.LU2 + = 0, + = 0, (3.21) 

where fj, = and A a;| ^ 0. 

If p > 2 or g > 2, the systems (3.20) and (3.21) have different forms. For example, let 
us consider the case p = 2 and q = 3. In this case equations (2.9) can be written as follows: 



Aiwf+wf^O, A2wf+tjf = 



0, 



X2UJ2 



0, 



(3.22) 



where Ai 



and A2 



-73- 



and uif ALV2 0, and equations (2.41) take the form: 





= 0, 


4 1 4 
IJ.LJ2 + 


= 0, 


/iwf + ^1 


= 0, 



(3.23) 



where /z = and w| A ^ 7^ 0. 

For these cases to prove that an almost Grassmann structure is a-semiintegrable (resp. 
/3-semiintegrable) we must prove that the system (3.20) or (3.22) (resp. the system (3.21) 
or (3.23)) is completely integrable. If it is possible, we integrate these systems and find A 
or Ai and A2 (resp. 11) and closed form equations of submanifolds Va (resp. V/3). 

3. We next construct examples of semiintegrable and integrable almost Grassmann 
structures AG{1, 3). To prove that they are semiintegrable, we will apply one of two methods 
indicated above. 

Example 3.5 Suppose that x, y, u, and v are coordinates in M'^, and that the basis 1-forms 
u)a of an almost Grassmann structure AG{1, 3) are 



Ljf = dx + f(u)dy, w 



du, 



dy, 

dv. 



(3.24) 
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Taking exterior derivatives of equations (3.22) by means of (1.4), (1.5) and (3.22), we arrive 
at the following exterior quadratic equations: 



{uj + ujI- wf) A ujf + ujf A iv^ + ivf A Lol = f'{u)uf A w|, 

{oj - col - '^i) A wl + ^2 A ^1 + '^l ^4 = Oj 
{lj+ujI+ wI) a ivf + ujf a uj^ + ujf a oj^ = 0, 
{uj-LljI+ w|) a u}^ + uj^ a ujf + uj^ a uj^ = 0. 



(3.25) 



First, equations (3.25) prove that the form w is a principal form. Thus, by Lemma 3.1 we 
have equations (3.2) and (3.3). Second, it follows from (3.25), that the forms w^, a;2, wf, wf, 
ojI + wl and — are principal forms. We will write their expressions as follows: 



Uj] — Wo = 



(JlUll 



■ 72^2 ■ 



■ 74^1, 



5iuj\ + (52^2 + '^awf + i54w|. 



(3.26) 



- (74 w|. 



Substituting (3.2) and (3.26) into equations (3.25) and equating coefEcients in the indepen- 
dent exterior forms cj^ A to 0, wc obtain: qi = a-j = Qi = 0: fti = p2 = A'i = Pa — 
0; 7i = 72 = 73 = 74 = 0; 5i = 62, = 5i = 0; ai = a2 = en = 0; n = T2 = T3 = r4 = 0, and 
a3 = (^2 = (74 = \f'{u). As a result, equations (3.26) become 



w? ^ \f{u)u:\ 

-'A 



W4 



Wo 



w; 



-W4 



i/'(«M. 



(3.27) 



Taking exterior derivatives of (3.27) by means of (1.4), (3.21) and (3.27), we arrive at 
the following system of exterior quadratic equations: 



iJk A w.? 



>\ A Lol 



-w? A wl - wf A w| + O? = \{f{u)Yuj\ A w|, 

0, 

0, 

i/"(^.)wtAwi + i(/'W)'^|Awi, 



— Wg A Wf 

-W4 A Lol 



L^g l\LU2 

,2 A ,.,3 , o3 



a;4 A W2 + Vt% 
wf A wl + J7} = \ f"{u)Loi A w|, 
i/"(«)wf Aw4, 



(3.28) 



-Wg A wf - W4 A wf + 



where fJ^ and are the curvature 2-forms defined by (1.5). Substituting the values of 
these 2-forms from (1.5) and the values of the forms wf from (3.3) into equations (3.28) and 

equating coefficients in independent exterior forms lo\^ A lu^ to 0, in addition to equations 
(3.10)-(3.12) (which hold for any AG(1, 3)-structure) we obtain the following additional 
conditions: 



Llll 
"243 


— "243 


— "243 


_ a21 _ L112 
— "243 — "134 


- ?)211 

— "134 


~ "134 


~ "243 


-0, 


L122 
"134 


— "134 


— /)221 

— "134 


_ !,222 _ L412 
— "134 — "333 


— "433 


— "334 


— "343 


= 0, 


1,321 
"433 


= ^334 


= ^343 


_ !,412 _ L321 
— "344 — "444 


= 0, 








1,321 
"344 


= ^434 


= ^443 
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that is, the only nonvanishing components of the object b = {6^,6^} are the components 

1,312 L321 J L312 _ _hil2 
"434; "434 '^"^l O344 — O444. 

In addition, we find that aU coefficients of (3.3), except E4 and C4, equal to 0, and for 
the coefficients E4 and C4 we find the following values: 

C4 = -i/"(«), E,^-^ifiu)f. 



As a result, equations (3.3) become 



^.1 = 0, ui^-^r{u)uji 



(3.29) 



and the curvature 2-forms (1.7) become 



— - — - — — — 

nl^~n\^\f"{u)LotMol (3.30) 
^ ^ll = \f"{u)Lol^uo^^-\f"{u)u;l^u;t. 

Since = 0, by (2.41), we have 6^ = 0, and the almost Grassmann structure AG{l,'i) 
under consideration is /3-semiintegrable. This structure is not locally flat: in fact, = 
^(434) ~ 7^ for a general function f{u), and thus h]^ ^ 0, that is, the structure is 

not a-semiintegrable. Note that f"{u) = if and only if f{u) = au + b, where a and b are 
constants. In this case the structure is /?-semiintegrable, and consequently it is locally flat. 

As we noted earlier, a structure AG{1, 3) is equivalent to a conformal CO(2, 2)-structure. 
Note that the C0(2, 2)-structure corresponding to the /3-semiintegrable structure AG{1, 3) 
we have constructed in this example is self-dual. 

By proving the local existence of a /3-semiintegrable structure AG{1, 3), we also proved a 
local existence of a self-dual C0(2, 2)-structure. On the global existence of four-dimensional 



semiintegrable smooth compact oriented Riemannian manifolds see |10 and 
We will find now the metric of this C0(2, 2)-structure. 

To this end, we recall that the equation of the Segre cone of the ylG(l, 3)-structure 
(or the asymptotic cone of the corresponding C0(2, 2)-structure) has the form (1.2) or 
wfwl — wft^l = 0. Thus the fundamental form of the CO(2, 2)-structure is 

g = ujfuj2 ^ ^1^2 1 

or by (3.14), 

g — dxdv + f{u)dydv — dydu. (3.31) 

The quadratic form (3.31) defines on the manifold a pseudo-Riemannian metric of 
signature (2, 2) that is conformally equivalent to the almost Grassmann structure AG(1,3) 
with the basis forms (3.24). 

Let us apply the second method to prove that the structure (3.24) is /3-semiintegrable 
and to find conditions under which this structure is a-semiintegrable. 

For the structure (3.24), the equations (3.21) take the form 

/idy -\- dx -\- f{u)dy ~ 0, ^dv + dii = 0, (3.32) 
where dy Adv ^ 0. Exterior differentiation of (3.32) gives 

{dn + f{u)du) /\dy ^0, {dn + f{u)du) /\dv = 0. (3.33) 
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Since dy Adv ^ 0, it follows from (3.33) that 

djjL + f'{u)du = 0. (3.34) 

The solution of (3.34) is 

M = Ci - f{u), (3.35) 

where C\ is an arbitrary constant. Substituting this value of n into equations (3.32), we 
find the following differential equations of submanifolds Vjs: 

Cidy + dx = 0, (Ci - f{u))dv + du = 0. (3.36) 

By integration we find the following closed form equations of submanifolds Vp: 

where C2 and C3 are arbitrary constants. 

Thus wc proved again the structure AG{\, 3) with the basis forms (3.14) is /3-scmiintcgrable. 
In addition, we proved that the integral submanifolds Vg of this structure are defined by 
equations (3.37), the family of these submanifolds depends on three parameters Ci,C2 o,nd 
C3, and through any point {xQ,yQ,uo,vo) of there passes an one-parameter family of 
submanifolds Vfj. 

To find conditions of a-semiintegrability of this structure, we first specialize equations 
(3.20) for it: 

\{dx + f{u)dy) +du = 0, My + dv = 0, (3.38) 
where dx /\ dy ^ 0. Exterior differentiation of (3.38) gives 

(d\ + \^f'{u)dy) Adx = Q, {d\ + \^ f {u)dy) Ady = Q. (3.39) 

Since dx /\dy ^ 0, it follows from (3.39) that 

dX + X^f'{u)dy = 0. (3.40) 
Exterior differentiation of (3.40) leads to the following equation: 

\^f"{u)dx Ady = Q. (3.41) 

Since dx A dy 7^ 0, in general the structure (3.24) is not a-semiintegrable. It will be a- 
semiintegrable if and only if f"{u) = 0, or 

f{u) = au + b. (3.42) 

Substituting f{u) = au + b into equation (3.40), we find that 

dX + X^ady = 0. (3.43) 

The solution of (3.43) is 

A=^7r, (3.44) 

ay + O4 

where C4 is an arbitrary constant. Substituting f[u) = au + b and A from (3.44) into 
equations (3.38), we find the following differential equations of submanifolds V^: 

dx + ad{uy) + bdy + C^du = 0, dy + {ay + C^jdv = 0. (3.45) 
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By integration we find the following closed form equations of submanifolds Va'. 

X + auy + by + dy ^ C5, - log{ay + C4) + v ^ Cg, (3.46) 

a 

where C5 and Cq are arbitrary constants. 

Thus, we proved again that in general the structure AG{1, 3) with the basis forms (3.24) 
is not a-semiintegrable, and that it will be a-semiintegrable and consequently integrable if 
and only if f(u) = au + b. If it is the case, the closed form equations of submanifolds Va 
and Vp are equations (3.46) and (3.37). // f{u) — au + b, the family of submanifolds Va 
on the manifold M'^ carrying the AG (1,3) -structure with the basis forms (3.24) depends on 
three parameters 64,(75 and Cg, and through any point {xo,yQ,UQ,Vo) of M'^ there passes a 
one-parameter family of submanifolds Va ■ 

Let us indicate three more examples of almost Grassmann structures similar to the 
structure (3.24). 

Example 3.6 



dx, 

du + g{x)dv, 



w| = dy, 
oji — dv. 



(3.47) 



Lof = dx, w| = h{v)dx + dy, 
ojf — du, LO2 — dv. 



(3.48) 



Example 3.7 
and 

Example 3.8 

{w? = dx, W9 = dy, 
\ I (3-49) 

Lo\ — du, cj| — k(y)du + dv. 

As was the case for the structure (3.24), each of the structures (3.47) -(3.49) is (3-semiintegrable 
and in general not a-semiintegrable. These structures will be a-semiintegrable and conse- 
quently integrable if and only if the functions g{x), h{v) and k{y) are linear functions of x, v, 
and y, respectively. 

If we apply formulas (3.18) to Examples 3.5—3.8, then, we obtain that Cp — for all 
these examples (that is, the corresponding structures are /5-semiintegrable) , and that the 
only nonvanishing components of the tensor Ca are as for Examples 3.5 (03 = — ^ ) and 

3.7 (03 = '-^-P-) and ai for Examples 3.6 (ai = sl^) and 3.8 (ai = -■^^). It follows 
that in the first case the polynomial Ca has the triple root Ai = A2 = A3 = cxd and the 
simple root A4 = 0, and in the second case it has the simple root Ai = 00 and the triple root 
A2 = A3 = A4 = 0. According to Section 5.4 of the book this means that the fiber bundle 
Ea has two invariant distributions Aq(cx)) and Aa{0), and the distribution corresponding to 
a multiple root is integrable. Moreover, it is easy to prove that the distribution corresponding 
to a simple root is also integrable. For all cases the integral submanifolds Va are defined by 
the equations m = C3, u = C4 (for A — 00) and by the equations x — Gi,y = C2 (for A = 0). 

The next example was considered in However, since results obtained in Q contain 
inaccuracies and the result is wrong (according to Q, the structure of this example is of 
general type) , we give here a complete investigation of this example. 
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Exeimple 3.9 Suppose again that x,y,u and v arc coordinates in M^, and that the basis 
l-forms wj, of an almost Grassmann structure AG{1, 3) are 



u}f = dx + f{u)dy, = dy, 
uf = du + g{y)dv, = dv. 



(3.50) 



The metric of the CO(2, 2)-structure which is equivalent to the AG{1, 3)-structure with 
basis forms (3.40) is 

g = dxdv — dydu + (/(u) — g{y))dydv. (3.51) 

In this case we have 



,l^g'{y)u:l + \nu)u;t-^ 



nu)9{y)ujt 



0, 



2) 



C4 = -\f"{u), E, = lf"iu)g{y) - ^(/'(u))^; 



■ 312 

^434 



.^321 



1 



0, cjI 



'434 = 4.f"(^^), 



i/"(«V2^ 



"344 



O444 



1 



/"(«); 



ivl = 0, u^l = -y"{u)ut+ y"{u)g{y)-\if{u)y 



W2 



4. 



nl = nl = nj = o, 



nl = -fli=\f"iu)cotAcol 
We have b'^l^ = 0, and by (2.41), = 0, and -bf^ = bfi 



(3.52) 

(3.53) 

(3.54) 

(3.55) 
(3.56) 



(344) 



-\f"{u) ^ 0. This 

implies that b'^ 7^ 0, and the almost Grassw,ann structure ^G(l,3) with the basis forms 
(3.50) is P-semiintegrable but not locally flat. 

If we apply the method of direct integration, we find that equations (3.21) take the form 

^dy + dx + f{u)dy ~ 0, ^dv + du + g{y)dv = 0, 

where dy A dv 0. Exterior differentiation of these equations leads to 

{dn + f'{u)du) Ady = 0, {dn + g'{y)dy) Adv =Q. 

It follows that 

d^l + ,f'{u)du + g'{y)dy = 0. 
By integration of the first equation, we find that 

^i = C^- f{u)-g{y), (3.57) 

where Ci is a constant, and the following closed form equations of submanifolds Vjs: 

du 



j g{y)dy - Ciy + C2, v = C3 - J 



Ci -/(«)' 



(3.58) 



where C2 and C3 are constants. Hence we proved again that the almost Grassmann structure 
with the base forms (3.59) is fi-semiintegrable. In addition we proved that the family of 
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suhmanifolds Va on the manifold carrying the AG (1,3) -structure with the basis form,s 
(3.50) depends on three parameters Ci, C2 and C3, and through any point {xo,yo,uo,vo) of 
there passes a one-parameter family of suhmanifolds Va ■ 

If we look for conditions for a-semiintegrability of this structure, tlicn after writing 
equations (3.20) and taking their exterior derivatives we come to equations (3.39) which 
imply (3.40) and (3.41). So this structure is a-semiintegrable and subsequently integrable 
if and only if f{u) = an + b. Moreover, the expression for A and the closed form equations 
of suhmanifolds Va arc (3.44) and (3.46). 

Note that if g{y) = 0, equations (3.57) and (3.58) coincide with equations (3.35) and 
(3.37). 

Note that the application of formulas (3.18) gives the same values for 10 components of 
the tensor of conformal curvature that were obtained in Example 3.5. 

Next wc consider an example of an a-scmiintegrablc almost Grassmann structure AG{1, 3). 

Example 3.10 Suppose that the basis 1-forms of an almost Grassmann structure AG{1, 3) 
are 

{ ujI = dx + p{y)du, u)^ = dy, 
I uif = d,u, LO2 = dv. 

The metric of the C0{2, 2)-structure which is equivalent to the AG{1, 3)-structure with 
basis forms (3.59) is 

g = dxdv — dydu + p{y)dudv. (3.60) 

In this case we have 

u^l = -y{y)u>l ui=0, (3.61) 
u;l = -ujI =ujI = -wj = -jp'{y)uj^; 

B, = -\p"{y), E, = -^ip'{y)f; (3.62) 
bill = bill = bill = -\p"{yy, (3.63) 



i ujI = 0, ujI= 0, 



= - y'{y){ul A col col A cof). 



(3.64) 



(3.65) 



4^ 

In this case = 0, that is, = 0, and the almost Grassmann structure AG{1, 3) with 

the basis forms (3.59) is a-semiintegrable. However, in this case b^lf ^ since we have 
6^34 = —jp"{y), that is ba ^ 0, and in general the almost Grassmann structure ^G(l,3) 
with the basis forms (3.59) is not (3-semiintegrable, and consequently, it is not locally flat. 
If we apply the second method to the structure (3.59), we find that 

A = — r-r-TT, (3.66) 
p{y) + Ci ' 

and the following closed form equations of suhmanifolds Va: 

x = C2-Ciu, v = C3+ [ , f ^ ^ , (3.67) 
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where Ci , C2 and C3 are constants. 

Thus the family of submanifolds Va on the manifold carrying the AG (1,3) -structure 
with the basis forms (3.59) depends on three parameters Ci,C2 and C3, and through any 
point {xQ,yQ,uo,VQ) of there passes an one-parameter family of submanifolds Va- 

If p{y) = ay + b, then we find that 

^==au + C4, (3.68) 
and the foUowing closed form equations of submanifolds Vg: 

X — C5 — ayu — dy — bu, v — Ce (au + C4). (3.69) 

a 

Thus if p{y) — ay + b, then the family of submanifolds Va on the manifold Af* carrying 
the AG (1,3) -structure with the basis forms (3.49) depends on three parameters G^^C^ and 
Gq, and through any point (xQ,yQ,UQ,vo) of M'^ there passes a one-parameter family of 
submanifolds Va- 

Let us indicate examples of three more almost Grassmann structures similar to the 
structure (3.59). 

Example 3.11 

f 



dx, = dy + q{x)dv. 



du. 



dv. 



(3.70) 



Example 3.12 



= dx, cjf = dy, 

^ du + r{v)dx, uj\ — dv. 



4 , (3-71) 



Example 3.13 

oj? = dx, = dy, 
1 , 2 ^3,^2) 

uj\ — du, — dv -\- s{u)dy. 

As was the case for the structure (3.59), each of the structures (3.70) — (3.72) is a- 
semiintegrable and in general not (3-semiintegrable. These structures will be (3-semiintegrable 
and consequently integrable if and only if the functions q{x),r{v) and s{u) are linear func- 
tions of x,v, and u, respectively. 

If we apply formulas (3.18) to Examples 3.10—3.13, we obtain that Cq = for all these 
examples (that is, the corresponding structures are a-semiintegrable) , and that the only 
nonvanishing components of the tensor G/3 are 63 for Examples 3.10 (63 = — ^ jjj'^ ) and 

3.12 (&3 = ^-P-) and 61 for Examples 3.11 (&i = and 3.13 {bi = -^^). It follows 

that in the first case the polynomial Gp has the triple root ^1 = /i2 = /i3 = 00 and the 
simple root /i4 = 0, and in the second case it has the simple root fii = 00 and the triple root 
M2 = = = 0. According to Section 5.4 of the book [Q, this means that the fiber bundle 
Ejs has two invariant distributions A^(c») and A^(0), and the distribution corresponding to 
a multiple root is integrable. Moreover, it is easy to prove that the distribution corresponding 
to a simple root is also integrable. For all cases the integral submanifolds Vp are defined by 
the equations y = C2, w = C4 (for /i = 00) and by the equations x = Gi,u = G3 (for /z = 0). 

4. An almost Grassmann structure is associated with a web, and if a web is transversally 
geodesic or isoclinic, the corresponding almost Grassmann structure is a- or /3-semiintegrable 
(see Ch. 7). Our next two examples are generated by examples of exceptional (nonal- 
gebraizable) isoclinic webs of maximum 2-rank (see 0| or ||^, Ch. 8, and §5.5). 
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Exeimple 3.14 Suppose that the basis l-formso;^ of an almost Grassmann structure 3) 
are 

{Lof = dx, LO2 = du, 

wf = — (y + v)dx + {u — x)dy, = (y + v)du + {u — x)dv. 



(3.73) 



The metric of the CO(2, 2)-structure which is equivalent to the AG{1, 3)-structure with 
basis forms (3.73) is 



In this case we have 
1 



2{u -x) 

~2{u-x) 



g = 2{y + v)dxdu + (u — x){dxdv — dydu). 



1 



U — X 



2{u - x) 



(3.74) 

(-Wi + W2), 



LUI = 0, 



u)l = -Ji = — -(wf + wi), = -ui = — -(-w^+wi); 



4(u - x) 

Ai=B2 = - 



4{u - x) 



4(w - a;)2 ' 



Ao = - 



,412 _ K'J + '') . 
"333 ~ I \2 ' 

\u — xy 



1 



4(u — x)' 



4(u — x)' 



r(5a;? + 7a;f), = 0, 
r(7a;? + 5a;f), a;| = 0; 



^4^_8(y+^ 3^ 3_ 



(3.75) 
(3.76) 

(3.77) 
(3.78) 

(3.79) 



It is easy to check that = 0, that is, 6| = 0, and the almost Grassmann structure 

AG{\, 3) with basis forms (3.73) is (3-semiintegrable. However, in this case 7^ 0. Thus, 
the almost Grassmann structure ^G(l,3) with basis forms (3.73) is not locally flat. 

If we apply the second method for the structure (3.73), then while looking for a- 
semiintegrability conditions, we find that 

dX = dy + dv — ^ '^^ ^ dx + ^ ^ — —du. 



Exterior differentiation of this equation gives \dxf\du = 0. Since on Va we have dxAdu ^ 0, 
the structure (3.73) is never a-semiintegrable. 
For /3-semiintegrability we find that 



d/j, = 



2n{l — fjb)du 



u — X 
dx + ^du = 0, 

dy = —udv ~^ — ^-du. 

u — X 



(3.80) 



It is easy to see from (3.80) that 



dfi 



du 



dx 



2/i(l — yu) u — x —ijl{u — x) 
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and subsequently 

d{u — x) dfi 



iu-x){l+ii) 2n{l-fi)' 
The solution of equation (3.81) is 



(3.81) 



=Ci{u-x). (3.82) 

jj, 1 

The submanifolds Vg of the distribution Aj^ are defined by the completely integrable system 
(3.80) where /i can be foimd from equations (3.82). 

Thus the family of submanifolds Vjs on the manifold carrying the AG {1,3) -structure 
with the basis forms (3.63) depends on three parameters, and through any point {xq, yo, uq, vq) 
ofM^ there passes an one-parameter family of submanifolds Va- 

If we apply formulas (3.18), we find that for the tensor of conformal curvature of the 
equivalent C0{2, 2)-structure we have C/j = and the only nonvanishing component of Ca 
is ao = —j^r^- This means that the polynomial Ca(A) has a quadruple root A = 0, and 
the fiber bundle possesses an integrable distribution A^, (0) . It is easy to prove that the 
submanifolds Va of this distribution are defined by the equations x = C\,u = C3, where Ci 
and C3 are constants. 



Example 3.15 Suppose that the basis l-formsw^ of an almost Grassmann structure ^G(l, 3) 
are 



dx, 



du. 



(3.83) 



I = —vdx + udy, = ydu — xdv. 

The metric of the CO(2, 2)-structure which is equivalent to the AG{1, 3)-structure with 
basis forms (3.83) is 

5 = (2/ + v)dxdu — xdxdv — udydu. (3.84) 

In this case we have 



,2 - 



1 



2^1'^^' 



0, 



^ _ J_ _^ J_ ^ _ J 1 1_ 

^ 4xu' ^ Axu 4a;^ 4m^' 



Bo = 



,412 
"333 



\u xJ \ x uJ 



,412 
"334 



"343 



1 

2xu 
1 

4^" 



' 1 _ / 1 1X3/1 1 1 \ 3 

, '^^-\^^2^n^\A^ 4^ -^n^ 

^ . / 1 1 1 N 3 / 1 1 N 3 



^21 
1 

1 

4^' 
1=0, 



(4^2 



Ax^ Av? 



w| = 0; 



i "3 = (; - (f - D"? A + (jL _ _L) ,„» , „| _ „| , 



(3.85) 

(3.86) 
(3.87) 

(3.88) 
(3.89) 
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It is easy to check that b'^/^^^^^ = 0, that is, 6^ — 0, and the almost Grassmann structure 
AG{1,3) with the basis forms (3.83) is (3-semiintegrable. However, in this case ^'(jf;) 7^ 0. 
Thus, the almost Grassmann structure AG{1,S) with the basis forms (3.83) is not locally 
fiat. 

If we apply the second method for the structure (3.73), then while looking for a- 
semiintegrability conditions, we find that 

dX = ^-i^dT -dy + ^^—^du + dv. (3.90) 
u u 

Exterior differentiation of (3.90) gives 

A = 7. ^[vx{u — x) — yu(x + u)]. (3.91) 

x'^ + 

The differential equations of submanifolds Va have the form: 



{v + y){x + u)dx — (x^ + u'^)dy — 0, 
{v + y){x + u)du ~ (x^ + u^)dv = 0. 



(3.92) 



It is easy to prove that the integrability conditions of equations (3.92) implies that du is 
proportional to dx. This is impossible since on Va we have dx Adu ^ 0. Thus, the structure 
AG(1,3) with the basis forms (3.83) is never a-semiintegrable. 

The /3-submanifolds of this structure are defined by the following completely integrable 
system: 

^du + dx = 0, 

^i[{y + v)du - xdv] + udy = 0, (3.93) 
dlog(^ — 1) = ( \dx. 



u X/ 

Thus the family of submanifolds Vp on the manifold Af^ carrying the AG (1,3) -structure 
with the basis forms (3.83) depends on three parameters, and through any point [xq, yo, uq, vq) 
of there passes an one-parameter family of submanifolds V3 . 

If we apply formulas (3.18), we find that for the tensor of conformal curvature of the 
equivalent C0(2, 2)-structure we have C/3 = and the only nonvanishing components of Ca 

are = — — and ai — — This means that the polynomial Cq,(A) 

has a triple root Ai = A2 = A3 = and a simple root A4 — jfz^j and the fiber bundle Ea 
possesses an integrable distribution Ac,(0). It is easy to prove that the integral submanifolds 
Va of this distribution are defined by the equations x = Gi,u = C3, where Ci and G3 are 
constants. It is also easy to check that the distribution A(A4) is not integrable. 

The next example is generated by an example of an isoclinic three-web given in |^ (see 
Exercise 6 on p. 133). 

Example 3.16 Suppose that the basis 1-forms of an almost Grassmann structure AG{1, 3) 
are 

i ujI = {y-v)dx-\-{x-\-u)dy, uj^ = {y - v)du - {x -\- u)dv, 

1 4 J 4 J ^'^■^^> 

\ — dy, — dv. 

The metric of the C0(2, 2)-structure which is equivalent to the AG{\, 3)-structure with 
basis forms (3.94) is 

g = [y — v){dxdv — dydu) + 2{x + u)dydv. (3.95) 
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In this case we have 
1 



^2 



2(2/ - v] 
1 



1 



2{y-v) 

-'A - - 



2{y - v) 



4{y - v) 4(j/ - V) 



Ca = - 



A{y-vf' 



Ea = - 



y-v 
5 



.312 _ 8(a; + u) _ 

"444 



(jl = 0, = - 

= 0, = - 



{y - v)"^ 
1 

4(?/ - v)"^ 

1 

4(t/-u)2 



(5a;f + 7a;|), 
{7ujt + 5a;4); 



3 _ 8{x + u) 4 4 

"4 — 7 TJ'^I '^2- 



(3.96) 
(3.97) 

(3.98) 
(3.99) 

(3.100) 



It is easy to check that b^^jj^^ = 0, that is, bp ~ 0, and the almost Grassmann structure 
^0(1, 3) is /3-semiintegrable. However, in this case ^(jf;) 7^ 0. Thus, the almost Grassmann 
structure is not locally flat. 

If wc apply the method of direct integration, we find that the submanifolds V/3 are defined 
by the following completely integrable system of differential equations: 



dv 



2/x(/x-l) y-v' 

{y ~ v){iJ,du + dx) — 2ii{x + u)dv = 0, 

Hdv + dy = 0. 



(3.101) 



It is easy to see from (3.101) that 

dfj. 



dv 



dy 



and subsequently 



2m(m - 1) y-v -n{y - v) '' 

d{y — v) d/i 



The solution of equation (3.102) is 

/z-1 



Ci{y-v). 



(3.102) 



(3.103) 



The submanifolds of the distribution are defined by the completely integrable 
system (3.101) where n can be found from equations (3.103). 

Thus the family of submanifolds Vp on the manifold carrying the AG {i^i)- structure 
with the basis forms (3.94) depends on three parameters, and through any point (xq, yo, uq, vq) 
of there passes an one-parameter family of submanifolds . 
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If we apply formulas (3.18), we find that for the tensor of conformal curvature of the 
equivalent CO(2, 2)-structure we have Cp = and the only nonvanishing component of Ca 
is 04 = — This means that the polynomial Cq,(A) has a quadruple root A = cx), and 

the fiber bundle Ea possesses an integrable distribution Ac((oo). It is easy to prove that the 
submanifolds Va of this distribution are defined by the equations y — C2,v — C4, where C2 
and C4 are constants. 

5. The next example is generated by an example of an almost Grassmann structure 
^0(1, 4) associated with a six-dimensional Bol web considered in (p. 270). 

Example 3.17 Suppose that the basis 1-forms oj^ of an almost Grassmann structure AG{1, 4) 
are 

uji ~ dx, — du, 

ujf = [—2v — 2uz + {2x — l)'w]e^'^^]dx + dy + ue^^^dz, — {zdu + dv — xd'w)e'^^^ , 
ujf = dz, uj\ = dw. 

(3.104) 

We prove that the AG (1,4:) -structure (3.114) is a-semiintegrable. We apply the method 
of the direct integration. 

For the structure (3.104) equations (3.22) of surfaces V^jdimV^ = 2 take the form 

{Ai + [~2v - 2uz + {2x - l)w]e''^''}dx + dy + ue-'^^'dz = 0, 

Xidu + (zdu + dv — xdw)e^^^ =0, , , 

^ ' ' (3.105) 

X2dx + dz ^ 0, 

\2du + dw — 0. 

Note that on Va we have dx A du ^ 0. Exterior differentiation of the last two equations 
of (3.105) gives the following exterior quadratic equations: 

dA2 A = 0, dX2 A dii = 0. 

Since dx A du 0, it follows that dA2 = and 

A2-C2, (3.106) 

where C2 is a constant. Now the last two equations of (3.105) can be written as 

dz = -C2dx = 0, dw = -C2du. (3.107) 

Integration of (3.107) gives 

z = -C2x + C3, w = -C2u + Ci, (3.108) 

where C3 and C4 are constants. 

By (3.106) and (3.107), the first two equations of (3.105) become 



dy = {-Ai + [2v + 2uz + (1 - 2x)w + C2u]e^'^''}dx, 
dv = — (Aie^^ + z + C2x)du. 



(3.109) 



Exterior differentiation of (3.109) leads to the following exterior quadratic equations: 
[dXi + 2\idu) Adx = 0, {dXi + 2Xidx) A du = 0. 
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These equations can be written as 

[dXi + 2Ai {dx + du)] Adx = 0, [dXi + 2Ai {dx + du)] Adu = 0. 
Since dx A du 0, it follows that 

dXi + 2Xi{dx + du) = 0. 

This implies that 

Ai = Cie-2(^+"). (3.110) 

Substituting this value of Ai and z from (3.108) into the second equation of (3.109), we 
find that 

dv = -(Cie-2" + C3)du. 

This implies that 

v=^Cie-^'' -C3U + C5, (3.111) 

where C5 is a constant. 

Substituting the values of Xi,z and w from (3.111), (3.110) and (3.108) into the first 
equation of (3.109), we find that 

dy = [2C5 + C4(l - 2x)]e-^''dx. 

The solution of this equation is 

y = (-C5 + C4x)e-^^ + Ce, (3.112) 

where Cq is a constant. 

Thus two-dimensional surfaces Va arc defined by the closed form equations (3.108), 
(3.110), (3.111) and (3.112). This completes the proof that the AG(1, 4)-structurc (3.104) 
is a-semiintegrable. Thus the family of submanifolds Va on the manifold carrying the 
AG (1,4) -structure with the basis forms (3.104) depends on six parameters, and through any 
point {xo,yo: zq,uq,vo,wo) of there passes a two-parameter family of submanifolds Va- 

Wc will prove now that this structure is not fi-semiintegrable. Equations (3.23) of surfaces 
l/a,dimV/3 = 3, can be written as follows: 

IJLdu + dx = Q, iiW2+ojf = Q, ij,dw + dz = 0. (3.113) 

where n = — f^- Taking exterior derivatives of the first and third equations of (3.113), we 

find that dfi Adu = and diJ,Adw = 0. Since on surfaces V^ we must have duAdvAdw^O, 
it follows that dfj, = 0, and 

M = C, (3.114) 

where C is a constant. Substituting this value of fj, into the first and third equations of 
(3.113), we find that 

dx = —Cdu, dz = —Cdw, (3.115) 

and 

x = -Cu + Ci, z = -Cw + C2, (3.116) 

Substituting ij.,x and z from (3.114) and (3.115) into the second equation of (3.113), we 
obtain 

1 2(Ci-c«) ^ ^ ^ _ (jj^^^ ^ ^^(j ^ 2Ci - l)w; -2v- 2C2U - Csjrfu. (3.117) 
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Taking exterior derivative of (3.117), we find that if the surfaces exist, we would have 

du A [(2C - l)dv + 2(1 - C){Cu + Ci - 2)]dw] = 0. (3.118) 

This is impossible since (3.118) implies that du is a linear combination of dv and dw and as 
a result, du A dv A dw = 0. 

Thus the AG(l,4)-structure is not /3-semiintegrable. 

Example 3.5 can be generalized in the following manner. 

Example 3.18 Suppose that Xa,ya,Oi = l,...,p, arc coordinates in M^^, and that the 
basis 1-forms of an almost Grassmann structure AG{p — l,p + l) are 



p+i _ 



= dxi + f{yi)dx2, 0)2'^^ = dx2, = rfxg, 

ol+^=dyi, ujP+^ = dy2, wP+^ = dys, 



(3.119) 



where s = 3, . . . ,p. If the structure (3.119) is a-semiintegrable, then dyiAdy2A. . .Adyp ^ 0, 
and the rows of the matrix (w^) are proportional: 

dxi + f{y)dx2 + Xdyi = 0, dx2 + Adj/2 = 0, dxg + Xdys = 0. (3.120) 

Exterior differentiation of (3.120) gives the following exterior quadratic equations: 

f'{yi)dyiAdx2 + d\Adyi=0, d\Ady2 = 0, dA A rfj/g = 0. (3.121) 

The last two equations of (3.121) imply that dX = 0. By (3.120), the first equation of (3.121) 
gives 

Xf'iyi)dyiAdy2 = 0. 

Since dyi A dy2 7^ 0, it follows that f'{yi) = and f{yi) = a, where a is a constant. Thus 
the structure (3.119) is a-semiintegrable if and only if f{yi) is constant. If it is the case, 
closed form equations of integral submanifolds Va of this structure have the form 

xi + a.X2 + hyi = C\, X2 + by2 = C2, Xs+bys=Cs. (3.122) 

Hence the submanifolds Va are flat p-dimensional submanifolds, and the family of subman- 
ifolds Va depends on p+l constants b, Ci, C2 and Cs- 

If the structure (3.129) is /3-semiintegrable, then dx2 A dy2 ^ 0, and the columns of the 
matrix (w^) are proportional: 



(3.123) 



(3.124) 



j dxi + f{yi)dx2 + iJiidyx = 0, dxs + lisdx2 = 0, 
[ dy\ + iiidy2 = 0, dys + lisdy2 = 0. 

Exterior differentiation of (3.123) give the following exterior quadratic equations: 

J {djjLi + f'{yi))dyi) A dx2 = 0, djis A dx2 = 0, 
\ (d/ii + f'{y\))dyi) A dy2 = 0, dfis A dy2 = 0. 

Since dx2 A dy2 ^ 0, it follows from (3.114) that 

dlii + f{yi)dyi = 0, dus = 0, 

and 

Mi+/(2/i) = Ci, t^s = Cs. (3.125) 
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Substituting (3.125) into system (3.123), we find that 

{dxi + Cidx2 = 0, dxs + Csdx2 = 0, 

dyi + (Ci - f{yi))dy2 = 0, dy, + C.dy^ = 0. 

The solution of this system is 

Xi+CiX2=Ai, Xs+CsX2=As 



I 



dyi ^ R R (^-12^) 

+ y2 = Bx, ys + Csj/2 = Bs- 



Ci - f{yi 



Hence the two-dimensional integral submanifolds are defined by closed form, equations 
(3.127), and the family of submanifolds Vfj depends on 3(p— 1) constants C\,Ai,Bi,Cs,As 
and Bs ■ 

Thus if f(yi) is not a constant, the structure AG(p — 1) with the structure forms 

(3.119) is (3-semiintegrable, and if f{yi) is a constant, this structure is locally fiat. 

Example 3.10 can be also generalized. 

Example 3.19 Suppose that x"^, .x^, .r*, y'', y'^,y*, i = 5, . . . , g + 2, arc coordinates in M^', 
and that the basis 1-forms wj, of an almost Grassmann structure AG{1, q + 1) are 

Lul = dx^ + p{y^)dx^, = dy\ 

iof = dx\ ujI = dy^, (3.128) 

uj\ = dx*, u)2 = dy*, 

where t ^ 5, . . . ,q + 2. 

If the structure (3.128) is a-semiintegrable, then dx'^ A dy'^ ^ and the rows of the 
matrix (w^) are proportional: 

f dx^ + p{y^)dx'^ + X^dx^ = 0, dy^ + A'^dy^ = 0, 
\ dx^ + A*(ix4 = 0, rfy' + X^dy^ = 0. 

Exterior differentiation of (3.129) give the following exterior quadratic equations: 

r (dA3 + p'(y3)dy3) A dx^ = 0, {dX^ + p'{y^)dy^) A dy^ = 0, 
\ dX* A dx^ = 0, dA* Ady^ = 0. 

Since dy^ A dy'^ ^ 0, equations (3.130) imply that dX^ +p'{y^)dy^ = and dA* = 0. Thus 
we have 

A3+p(y3) = c'^ A* = C*. (3.131) 
As a result, equations (3.129) become 

r dx^ + CHx^ = 0, dy^ + {C^ - p(y3))d2/4 = q, 
\ dx* + C*dx4 = 0, dy* + C'dy" = 0. 

It follows from (3.132) that closed form equations of two-dimensional integral submanifolds 
Va are 

■' + ^'^' = -^'' / A)^'''^' (3.133) 

--A\ y'+C'y^ = BK 
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Thus the family of suhmanifolds Va depends on 3{q — 1) constants C^,A^,B^,C*,A* and 
BK 

If the structure (3.128) is /3-semiintegrable, then dy^ A dy'^ A ... A dy'^^'^ ^ 0, and the 
columns of the matrix (w^) are proportional: 

dx^ + p{y^)dx^ + ndy^ = 0, dx'^ + iidy'^ = 0, dx* + jidy* = 0. (3.134) 

Exterior differentiation of (3.134) gives the following exterior quadratic equations: 

p'(y^)dy^ Arfx^ + d/xAdy^ = 0, diJ,Ady^ = 0, dnAdy* = 0. (3.135) 

It follows from (3.135) that dfj. = and consequently n = Co- As a result, by (3.134), the 
first equation of (3.135) becomes 

Cop'{y^)dy^ Ady^ = 0. 

Since dy^ A dy'^ ^ 0, it follows that p'(y^) = and p^y^) = a. Thus ihe structure (3.118) 
is (3-semiintegrable if and only if p{y^) is a constant. If it is the case, equations (3.134) 
become 

dx^ + adx^ + Cody^ = 0, dx^ + Cody^ = 0, da;* + Cody* = 0, (3.136) 
and closed form equations of integral suhmanifolds of this structure have the form 

x^ + ax'^ + Coy^ = , x^ + Coy^ = C^, a;* + Coy* = C*. (3.137) 

Hence the suhmanifolds Vp are flat two-dimensional suhmanifolds, and the family of suh- 
manifolds Vj3 depends on q + 2 constants a,C'^, , and CK 

Thus ifp{y^) is not a constant, the structure AG(l,q+l) with the structure forms (3.128) 
is a-semiintegrable, and if p{y'^) is a constant, this structure is locally flat. 

Example 3.17 can be generalized to an example of an a-integrable almost Grassmann 
structure AG{1, 9 + 1). 

Example 3.20 Suppose that the basis 1-forms of an almost Grassmann structure AG{1, g+ 
1) are 

(jjf = dx, io\ = du, 

Lof = [—2v — 2uz + {2x — l)w]e~'^^]dx + dy + ue~'^^dz, = {zdu + dv — xdw)e~'^^, 
uj{ = dz^, = dw^, 



where s = 5, . . . , g + 2. 

Equations (3.105) will take the form 

{Ai + [-2v - 2uz + {2x - l)w]e-2^}(ia; + dy + ue-'^'^dz = 0, 
\\du + [zdu ^ dv — xdw)e~^^ = 0, 
Xs-idx + dz'^ = 0, 

Ag-sdu + dw^ =0, s = 5, . . . ,q + 2. 



(3.138) 



(3.139) 



The proof of the fact that the AG{1, q + l)-structure with the structure forms (3.138) is 
a-semiintegrahle is similar to that for Example 3.17. 
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Note that using this method of generalization, we cannot find a semiintegrable AG{2, 5)- 
structure (in this case p = q = 3). In fact, if we set 

U)f = U), w| = dX2, W3 

< ujl = dyi, uj^ = dy2, wf 
= dzi, LO2 = dz2, 

then for a-semiintegrability we must have 

u> + Xdyi = 0, dx2 + Xdy2 = 0, dxa + Xdys = 0, 
dzi + Xdyi = 0, dz2 + Xdy2 = 0, dzs + Xdyz = 0. 

It is easy to find from this that A = C, A = (7, where C and C are constants, = 0, 
that is, w is a total differential, w = dx\. But in this case the structure in question is also 
/3-semiintegrable, i.e., this structure is locally flat. 
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